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The Hudders�eld Narrow Canal ows along the valley bottom. It
was completed in 1811 after some seventeen years of construction. The
main di�culty was the long tunnel under the Pennines, but every as-
pect of reservoir and embankment construction carries risks. Whether
because of poor skills amongst the workmen, or because the experienced
navvies took advantage of an overstretched and inexperienced manage-
ment team led by the young Benjamin Outram, some of the early work
was not up to standard. In 1816 the somewhat opinionated John Sut-
cli�e stated that `The masonry and earth work of this canal were the
worst executed of any I ever saw. This was the opinion of the late Mr.
Whitworth, who was called in to survey the line, and said to me, the
work will nearly all to do over again, particularly the locks.' [3]
It is a fairly good bet that the British engineers on the Hudders-

�eld Canal were working from experience passed down from mentors
such as Jessop. In France some handbooks such as B�elidor's treatise
on practical hydrodynamics [1] were published and a growing theoret-
ical analysis existed. The needs of transport and construction led the
Acad�emie des Sciences, Inscriptions et Belles-Lettres of Toulouse to
propose the construction of dams as a prize essay topic in 1759, and
the mathematician Charles Bossut (1730-1814) entered. Though given
an honourable mention, his work was criticized for being too theoretical
(sounds familiar!) but three years later Bossut re-entered in collabo-
ration with Viallet, who worked for the Service for Bridges and Roads
(corps des Ponts et Chauss�ees), and their essay won the full prize. It
was published in 1764. It is, in many ways, a fascinating document of
the science of the time, and in this note I will give a few extracts from
their contribution without commentary, except to note that the prob-
lem of overturning of dams described below is not now considered to be
the critical criterion for dam stability. All the roman font text below
is from my translation of Recherches sur la construction la plus
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advantageuse des digues by Citizens Bossut and Viallet, in the new
edition of 1799 [2]. First, a bit of explanation from the Preface:

In those days I was friendly with VIALLET, Deputy Inspector of
Bridges and Roads for the province of Champagne, who made frequent
and fairly long stays at M�ezi�eres, where I had the post of Professor of
Mathematics at the School of Military Engineers. We decided to write
the work you are about to read together; we sent it to the competition;
it was a complete success.
Soon afterwards we received various requests to publish the piece,

without waiting for it to be published in its turn in the reports of
the Academy of Toulouse. We accepted these invitations which were
presented to us as being a popular wish, motivated by the desire for the
Public Good. As a consequence, an edition was published, in Paris, in
the year 1764; but not having been able to review the proofs ourselves, a
large number of typographical errors slipped in, some of which changed
the sense of the text. It has since been reprinted, in France and abroad,
with the same errors.
Seeing ourselves thus misrepresented, we took the �rm resolution to

publish a corrected edition of the work, and to add a supplement where
we would have given the new developments and new applications of our
principles.

Unfortunately, Viallet was posted to another region, and died in 1772
at the age of forty-�ve. As a result Bossut, who became Professor
of Mathematics at the Louvre, decided to produce a corrected but not
extended version of the prize essay. The aims of the essay are given in
the introduction:

II. We will use the general term dam to cover any obstacle which
opposes the ow of a uid. In this sense, there are natural dams &
arti�cial dams. It should be clear that here we consider only the latter;
& so a dam is a solid structure made from earth or of rocks, of wood
or of cut stone, often from several of these materials, or even of all of
them together, intended to stop, sometimes also to deect & to divert
in another direction the waters of a stream, a river, or of the sea.
Dams take, according to their use & and the materials from which

they are constructed the names of embankments, quay walls, dykes,
banks, piers, weirs, jetties, breakwaters, side dams, co�er-dams, &c;
and it is worth noting that several of these appellations are synonyms,
the same work often changing name from one region to another. We
will treat dams which di�er in their uses or construction separately,
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& will try to generalize our methods in such a way that they will be
applicable to those dams which don't merit their own chapters.

Chapter One is concerned with embankments for ponds, with mills
and manufactories in mind.

III. The most simple and most ordinary dams are the embankments
created to stop and hold the waters of a stream so as to create a pond.
Since the principles for the construction of these sorts of dams are

applicable to almost all the others, we will explain them in the greatest
detail.

IV. The causes which tend to destroy an embankment are, 1st the
water rubbing against its surface; 2nd percolation into the embankment;
3rd pressure. It resists the �rst two through the choice and arrangement
of materials from which it is made, & the third by its weight, its shape
& its size.

After a description of the practical side to laying the foundations
of, and raising, a dam we come to the �rst attempt at mathematical
description.

IX. Such are the main principles which must be put in place to bind
together perfectly all the parts of an embankment, so that it becomes,
so to say, a continuous body. Let us consider now the thickness &
shape which it should have to resist the pressure from the water. The
calculation must be established under one or other of the following two
hypotheses:

1st The dammay be considered as a completely continuous object which
the water pressure tries to knock over by making it turn about the
downstream end of the base which is assumed to be �xed.

This way of thinking about the action of water against a dam, is
principally applicable to those which are constructed from masonry,
particularly once the masonry has set.

2nd The dam can be considered as a solid with �rm foundations, but
which does not resist equally over its height, & which tends to divide
into horizontal slices; such that it is necessary to determine the shape
and size this same dam should have depending on the di�erent weights
of water that it holds at di�erent depths.

This second hypothesis pertains mainly to dams constructed entirely
of earth.
It would also be possible to consider dams which are not broken up

or knocked over, but which slip in a single piece, since they are not
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stable due to the friction between their base and the ground on which
they are placed; but due to the precautions which we have indicated
above (article VI), & the care which should be taken to provide solid
foundations for dams and to lock them into the ground on which they
are built, it is completely unnecessary to consider them from this point
of view. Even so, if some reader wishes to do the calculation, he will
easily complete it, noting that one would then have the following two
conditions to satisfy. In the �rst place, the horizontal force which tends
to push the dam downstream must be equal to a given fraction of the
total pressure on the base on which the dam is to slip. Secondly, the
moment of the horizontal force about the upstream base about which
the instantaneous rotation takes place initially, should be equal to the
moment of all the vertical forces with respect to the same axis. It is
enough to indicate this method.

The �rst serious mathematical problem is article X:

Suppose that FHNSE (Fig. 4) is the pro�le of the dam
regarded as a solid such that all parts are bound together
& continuous, and that HK is the level of the water
which acts to turn it over by making it rotate about the
point E assumed to be �xed. Let the facings NF , SE
be given, whether straight or curved. The problem is to
�nd the thickness FE which the dam should have at its
foot, so as not to be turned over.

It is clear that in cases where the ground in front of the foundation
of the upstream facing does not join perfectly with this facing, water
will �ll this space & apply pressure to the dam from there, given by
the entire height of the water level above to the base of the foundation.
Thus, to be certain of the calculation, it is necessary to count the depth
of the water from the start of the foundation, to the highest possible
level of the water.
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On the horizontal axis HK, let the points in�nitely close to P and
M be p and m; and let us drop from the points H & M , the verticals
HT , MX. Draw the horizontal ML and the vertical EL. Let

HP = x

PM = y

Pp or MV = dx

V m = dy

Mm = ds

HT = a

FT = f

FE = z

Moment of area FHNSE about E = Z

Speci�c weight of water = p

Speci�c weight of dam = �

We know that each element Mm feels a perpendicular pressure, which
is proportional to the height PM . Let this force be represented by the
line RM , perpendicular toMm, and let this same force be decomposed
into two others RQ and RY , one horizontal and one vertical.
The expression for the �rst of these is

RQ = py ds� RQ

RM

moreover, the two triangles RQM , mVM , having sides perpendicular
to each other, & being thus similar, we have

RQ

RM
= V m

Mm
= dy

ds
;

thus this force RQ is �y ds� dy

ds
or �y dy: from which we see that this

will be the same as the force on V m regardless of the precise form of
the curve HF . The moment of this force, with respect to the point E,
is

py dy � LE = py dy � (a� y) = pay dy � pyy dy

of which the integral is
1

2
pay2 � 1

3
py3

Setting y = a this gives us 1

6
pa3 for the total moment of the horizontal

pressure of the water, with respect to the point E, & so this mo-
ment will always be the same as the moment of the horizontal pressure
against the vertical FK.
The other force RY or QM is

py ds� MQ

RM
or py ds� dx

ds
or py dx
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This force acts, with the weight of the dam, to push the dam back on
its foundations; and its moment with respect to the point E is

py dx�XE = py dx� (z � f + x)

Thus the moment of the total vertical force of the water with respect
to the point E will be Z

(z � f + x)py dx

When this integration is made, having expressed x in terms of y using
the known equation for the curve FH, we need to set y = a in order
to have the moment of the vertical pressure of the water corresponding
to the entire height HT .
Now, it is obvious that the moment of the horizontal forces of the

water which tend to push over the dam must be balanced by the sum
of the moments of the vertical forces due to the water & the weight
of the dam itself, or by the resultant unique moment. This unique
moment constitutes the stability of the dam on its foot FE. As it is
always best to give more stability to the dam, than is necessary for a
simple equilibrium, all we need to do is to multiply the moment of the
horizontal forces due to the water by a number m, then to equate this
product to the sum of the moments of the vertical forces & the weight
of the dam; which gives the equation

(A) 1

6
mpa3 =

R
(z � f + x)pydx+�Z

which includes all cases of stability; since if we want, for example, the
stability of the dam to be just enough to be in equilibrium with the
horizontal forces due to the water we setm = 1; if we want the stability
of the dam to be twice the equilibrium stability, we set m = 2, & c.
It should not be necessary to repeat that Z is a given function of the
unknown variable z.

XI. The general equation (A) has an in�nite number of applications,
depending on the curves which form the two facings. It leads naturally
to the following general remark. Since the moment of the horizontal
forces of the water is the same, whatever the curve of the downstream
facing HF , & since the moment of the vertical forces of the water
increases in proportion to the angle made by HF with the base FE,
it is clear that, all other e�ects being equal, it is best to give as much
extension as possible to the upstream slope. From this remark we
are lead to an interesting problem, which is to �nd for HF amongst
the curves which minimize the area FHNSE, that which maximizes
the sum of the moments of that area & the vertical force which the
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water exerts. This problem is the same sort of isoperimetric problem
which the Bernoullis and other Geometers have been working on for
many years. It can be solved easily by the methods explained below in
article XXXVIII. We will not give it here as the practical side of the
problem does not obtain any help: we will restrict here to rectilinear
slopes.

We could allow Bossut to continue, and in the Recherches he and
Viallet consider a number of practical questions, some of which reduce
to similar isoperimetric problems (for the size and shape of a pier head
for example); but for reasons of balance I feel the practical voice of
Viallet deserves to be heard as well.

XXXIII. We do not believe we should leave the subject of quay walls,
& the other works which they entail, without saying a word on the even
more simple methods which are often used to prevent a river & a stream
from ruining its banks. The most general practice is to plant dwarf
willows & water-willows along, & above all at the foot of, the bank
which needs conserving. This method, which is very helpful to those
that use it, is a nuisance to the riparian owner opposite; and when he
does the same thing, which happens often, it is then the general public
that su�ers. The bed becomes so thin, that the upper levels are ooded
at the smallest ood, & the waters often open a new bed, which is the
origin of in�nitely many degradations and disputes.
The real way to avoid all these problems is to decide on the size of

the river bed following an inspection of the river, & precise information
about oodwater levels, to which the river is subject; then to have all
the banks made to a slope of two feet per foot, & to force the riparian
owners to maintain these slopes, each in terms of their ownership. A
eeting glance is enough to see that there is nothing easier than to
repair the erosion H of the slope CD (Fig. 33), whilst it is impossible
to improve the undermining G, which must cause, a little while later,
the fall of the entire mass GAI.
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It would seem that the tension between theoretical and practical advice
is as old as the science of industrial mathematics. Bossut and Viallet
overcome this by creating a trusting collaboration between the theoreti-
cian and the practitioner. Here this seems to have come about through
a fortunate friendship. If EPSRC is to deliver a vision of innovation
in science and engineering over the next ten years then perhaps more
thought should be put into how to enable similar interactions today.

c Paul Glendinning (2008)
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