
Two Hours

UNIVERSITY OF MANCHESTER

Knot Theory MT3522

Wednesday 25th May, 2005
2.00pm - 4.00p.m

Electronic calculators may be used, provided that they cannot store text.

Answer ALL four questions in SECTION A (40 marks in all)
and

TWO of the three questions in SECTION B (20 marks each).
The total number of marks on the paper is 80. A further 20 marks are available from

work during the semester making a total of 100.
Candidates may use their own models of knots.
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SECTION A

Answer ALL four questions

A1. Define the three types of Reidemeister moves on knot diagrams.

Explain why the Reidemeister III move cannot be applied to an alternating diagram.
By applying Reidemeister moves to the diagram

find an alternating diagram for this knot. Which standard knot is this? [10 marks]

A2. Define the sign of a crossing in an oriented link diagram, and the linking number
Lk(α, β), where α and β are two components of an oriented link L.

Use linking numbers to prove that the two oriented links shown below are not equiv-
alent (i) as oriented links and (ii) as unoriented links.

[10 marks]
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A3. Define the n-colouring property for knots and links, where n is an integer ≥ 3.

Find a value of n such that the knot K shown below is n-colourable.

Does your calculation provide a proof that this knot is non-trivial, i.e. it is not an unknot?

[10 marks]

A4. State the three axioms which define the Jones polynomial of an oriented knot or
link.

Calculate the Jones polynomial of the 52 knot, shown below.

[You may assume that the Jones polynomial of the positive Hopf link is −A−10 − A−2.]

[10 marks]

MT3522 P.T.O.



MT3522 May 2005 continued. . .

4

SECTION B

Answer TWO of the three questions

B5. An oriented link Cn is constructed as a chain with n components A1, A2, . . . , An,
where for 1 ≤ i ≤ n−1 alternate components Ai+1 are linked to the preceding component
Ai and oriented according to the pattern shown below.

Calculate the Conway polynomial of Cn for all n ≥ 1.

Let C∗
n denote the mirror image of the link Cn. Prove that Cn and C∗

n are not
equivalent if n is even. Are they equivalent when n is odd?

[20 marks]
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B6. Give a reason why the study of braids is relevant to knot theory. Define the braid
index b(K) of a knot K, and calculate this invariant for the case where K is a trefoil
knot.

Prove that
b(K1]K2) ≤ b(K1) + b(K2),

where K1]K2 denotes the composition of the knots K1 and K2.

Using the standard notation σ1, σ−1
1 , σ2, σ−1

2 for the elementary braids on three
strings, find a word in these symbols which represents the knot shown below.

Demonstrate that this knot is a composite knot, and hence or otherwise show that the
inequality displayed above can not in general be replaced by an equality. [20 marks]

B7. Sketch all the states of the underlying link universe of the oriented link diagram
D shown below.

Calculate the Kauffman bracket polynomial of the diagram D, and use it to calculate
the Jones polynomial of the oriented link L1 represented by D.

Show also that a different choice of orientation on the diagram D can give a new
oriented link L2 which is not equivalent to L1.

[20 marks]
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