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Abstract

These are brief notes to accompany a course of lectures on model theory, especially the

shape it takes when applied to modules.

1 Model Theory

In model theory we first fix the kind of structure we will be dealing with. The ordered field

(R; 0, 1,+,×,≤) of real numbers exemplifies what we mean by a “structure”, namely a set,

with some additional distinguished elements, operations and relations. The relevant kind of

structure is implicitly “fixed” by presenting it this way, showing what constants, operations

and relations our structures will have.
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We will consider solution sets of equations and other conditions that we can write down

in terms of this fixed kind of structure. The variables in such conditions will range over

elements of a given structure and we need to set up a formal language so as to be able to

write down such conditions. By the term “language” we mean the collection of all these

conditions. To set up such a language we will have to use variables (which can then be

substituted by elements from particular structures) as well as symbols for the constants,

operations and relations that we have decided to use.

So, having a fixed kind of structure in mind, here is how we set up the formal language.

The ingredients of a (formal, first order, 1-sorted1) language L:

• variables: x, y, . . . , x1, x2, . . . (some fixed, infinite list).

• symbols for constants: in our example we need two, let’s write them as c, d.

• symbols for operations, that is, functions: in our example we need two, each 2-ary (that is,

with two inputs; in general we allow functions of arbitrary “arity”) let’s write them as f, g.

• symbols for relations: in our example we need just one, 2-ary relation symbol, R, say (in

general we allow relations of arbitrary arity).

Having fixed a language L we can consider L-structures where, by that, we mean a

set M (the underlying set of the structure) together with: for each constant symbol, a

particular element of M ; for each n-ary function, a particular n-ary function on M and,

for each n-ary relation symbol, a particular n-ary relation on M . So, in our example, an

L-structure will consist of a set, together with two chosen constants in that set, two binary

operations on that set and a binary relation on that set. Of course we can then write down

axioms, using this language, which put conditions on all this structure so that, for instance,

it forms an ordered ring or even an ordered field; though, in fact, we cannot write down

conditions which ensure that it is actually isomorphic to our initial example R.

So far, we’ve just specified the ingredients (sometimes called the “signature”) of a lan-

guage. From these ingredients we can build expressions which, once variables have been

given values, will represent elements of our structures; these are called the terms of the lan-

guage. Of course, the variables themselves and the constant symbols are terms but, also, any

expression that we can build from these using (repeated application of) function symbols,

will be terms. In our example, the terms are essentially just the polynomial expressions with

non-negative integer coefficients.2

The actual formulas - the expressions which have solutions sets in structures - are as

follows.

The basic, or atomic, formulas are of two kinds: expressions of the form t1 = t2, where

t1, t2 are terms; R(t1, . . . , tn) where R is an n-ary relation symbol and t1, . . . , tn are terms.

In our example these would look like p1(x) = p2(x) and p1(x) ≤ p2(x) where p1, p2 are

1Many-sorted languages allow for more than one kind of element; for instance, to deal with ring-module pairs

(R,MR) we should use separate lists of variables for ring elements and module elements; furthermore the functions,

such as the operation of the ring on the module, have a specified sort at each input place and on the output.
2We could add a 1-ary function symbol for negative to the ingredients of our language. This would affect what

are terms but, because this operation is, in any ring, definable in terms of the structure we have already, the

definable sets (see later) would not be changed.
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polynomials with (non-negative) integer coefficients.3

The solution set, in a particular structure, of an atomic formula with variables x =

(x1, . . . , xn), is the set of n-tuples from that structure which satisfy the condition expressed

by the formula. In our case the condition, on a particular n-tuple a, is that the values p1(a)

and p2(a) are equal, respectively that the first is ≤ the second. If φ (also written φ(x) to

show the variables) is the formula and M is the structure then we write φ(M) for the solution

set of φ in M (note that this is a subset of Mn).4

The other formulas are what we need to define the finite intersections, unions and

complements of definable sets, as well as their projections to some of the coordinates. Clearly

the “boolean” operations are taken care of by saying that if φ and ψ are formulas then so are

φ∧ψ, φ∨ψ and ¬φ, where the symbols ∧, ∨, ¬ stand for “and, “or” and “not” respectively.

The operation of projection is taken care of by saying that if φ is a formula and x is a variable

then ∃xφ is a formula. For example, if we want a formula which defines the projection of

the zero set of the polynomial p(x1, x2, x3, x4) to the first two coordinates, then we can

use ∃x3, x4 (p(x1, x2, x3, x4) = 0). Implication is introduced as abbreviation: φ → ψ means

(¬φ) ∨ ψ; as is the universal quantifier: ∀xφ means ¬∃x¬φ.

We formally identify the language with the set of all formulas that we can build using

the ingredients of the language. Formulas that don’t involve the quantifiers are said to

be quantifier-free. An existential formula is one that has the shape ∃x θ(x, y) with

θ quantifier-free (that is, existential quantifiers in front of a quantifier-free formula). A

sentence is a formula with no “free” variables (that is, variables which are not used by a

quantifier) - these are the variables which can be substituted by values.

We have said what we mean by the structures for a language. The natural category

to work in has, for its morphisms, those that preserve the structure. Model-theoretically,

however, there are problems with that category because the morphisms do not preserve

solution sets of formulas. A morphism that preserves solution sets of formulas is said to be

an elementary embedding (to see that it has to be an embedding, consider the formula

x 6= y); formally this condition on a morphism α : M → N is that, for every formula φ(x)

(with n free=unquantified variables) and a ∈ Mn, we have a ∈ φ(M) iff a ∈ φ(N). If M

is a substructure of N (i.e. the inclusion of M in N is an embedding5) then write M ≺ N

if the inclusion of M in N is an elementary embedding; we say that M is an elementary

substructure of N which, in turn, is an elementary extension of M .

We have considered structures, languages for them, definable subsets, and elementary

extensions. We need one more basic notion from model theory: the type of an element in a

3We’re already implicitly using some sleight-of-hand, in replacing our formal symbols for the constants, oper-

ations and relations by ones which are more natural in the structures we are dealing with. That’s ok. As is the

use of infix (rather than prefix/functional) notation for operations.
4Really, we should be using different notation for a structure and its underlying set, but its common to identify

the two notationally.
5If there are no relations, this is what you think it means but note that when there are relations, an injective

morphism need not be an embedding. For instance, if there is a partial order, then an embedding α should be

not just order-preserving but satisfy that x ≤ y iff α(x) ≤ α(y).
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structure.6 The idea is that the type of the element a in the structure M is everything we

can say about that element using the language we have set up. Formally, it can be taken to

be the set of definable subsets φ(M) of M such that a ∈ φ(M); or, better (since it becomes

functorial with respect to elementary embeddings), the set of all those formulas φ such that

a ∈ φ(M): tpM (a) = {φ(x) : a ∈ φ(M)}. Note that if M ≺ N then p defines a maximal

filter of definable subsets of N (where we order definable subsets of N by inclusion); we say

that p is realise in N by b if b ∈ p(N) =
⋂
φ∈p φ(N). So we can say that a type (for M)

is an maximal filter in the collection of definable subsets of M , allowing the possibility that

the intersection of all the sets in a type is empty; in other words, a type for M need not be

the type of an element of M (it might not be realised in M). However, one of the most

basic results in model theory - a consequence of the Compactness Theorem - says that any

type (or even partial type, i.e. not-necessarily-maximal filter of definable subsets) for M is

realised in an elementary extension of M .

Theorem 1.1. Suppose that M is an L-structure and that p is a type for M , or just a filter

of definable subsets of M . Then there is an elementary extension N of M such that p(N) is

non-empty.

Here are a couple more useful results. The first is obtained by repeated use of the above

result.

Theorem 1.2. (Upwards Löwenheim-Skolem Theorem) If M is an infinite structure, of

cardinality κ, for a language L which has ≤ κ constant, function and relation symbols, then,

for every µ ≥ κ, M has a proper elementary extension of cardinality µ.

Theorem 1.3. (Downwards Löwenheim-Skolem Theorem, stated for a countable language7)

If M is an infinite structure for a countable language L and if A ⊂ M , then there is an

elementary substructure M0 ≺M which contains A and which has cardinality the maximum

of ℵ0 and the cardinality of A.

2 Model Theory of Modules

Now we specialise to modules. We fix a ring R (associative with 1) and consider, say right,

R-modules. These are the structures that we have in mind, and an appropriate language has

a constant symbol (for the zero of a module) and a binary function symbol (for addition in a

module) and, for each element r of the ring, a 1-ary function symbol (to express the function

m 7→ mr in any module). The atomic formulas are all equivalent (modulo axioms expressing

the usual arithmetic rules in modules) to those of the form
∑n
i=1 xiri = 0 with the ri ∈ R

and the xi distinct variables. So a conjunction (repeated “and”) of atomic formulas, write

6More generally, the type of an n-tuple of elements in a structure but, for simplicity, we’ll say this for the

n = 1 case.
7The general statement is that if M has cardinality κ ≥ λ where λ is the number of formulas of L (that

is, ℵ0 plus the number of constant, function and relation symbols) then, given A ⊂ M , there is an elementary

substructure of M , containing A and of cardinality the maximum of λ and the cardinality of A.
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this as
∧m
j=1

∑n
i=1 xirij = 0, is essentially a homogeneous system of linear equations which,

using vector/matrix notation, we could write as xH = 0 where H = (rij)ij is the matrix of

coefficients. Of course, the solution set for such a formula in any module M is a subgroup

of Mn, though not necessarily a submodule unless R is commutative. What about more

general formulas?

Let us consider projection/existential quantification first; that is, consider the positive

primitive (pp for short) formulas - those of the form ∃y θ(x, y) where θ is a conjunction of

atomic formulas. Written in matrix notation, this is ∃y (x y)H = 0, alternatively ∃y (xH1 =

yH2) for suitable matrices with coefficients from R. Clearly, the solution set, φ(M), of any pp

formula φ is a subgroup of the appropriate power of M - called a pp-definable subgroup8

It would be limiting not to be able to consider solutions sets to inhomogeneous sys-

tems of linear equations, so we allow parameters from a particular module to appear (as

constants/substituted variables9) in formulas. Then the solution sets of pp formulas with

parameters are cosets of the pp-definable subgroups (or empty).

Exercise 2.1. Show that if φ(x) is a pp formula for R-modules and f : M → N is a homo-

morphism of R-modules then f(φ(M)) ≤ φ(N). Deduce that subgroups of Mn pp-definable

in M are End(M)-submodules of Mn (where End(M) has the diagonal action on Mn).

Exercise 2.2. Show that the subgroups of Mn pp-definable in M are closed under finite

intersection and sum and hence form a sublattice of the lattice of End(M)-submodules of

Mn.

Why this focus on pp formulas? Well, first consider the case that R is a field. Then

(another exercise) any pp formula is equivalent to a system of linear equations, in the sense

that if φ(x) is pp then there is a conjunction θ(x) of linear equations such that φ(M) = θ(M)

for every moduleM . Hence projection/existential quantification is unnecessary when the ring

is a field. It follows that every formula is, in this case10 equivalent to one without quantifiers

(we say that the theory of modules over such a ring has “elimination of quantifiers”.) This

is definitely not the case over arbitrary rings (consider divisibility formulas, like ∃y (x = yr),

even in the case R = Z). But we do have the following key theorem in the model theory of

modules.

Theorem 2.3. (pp-Elimination of Quantifiers) If M is any module then every definable set

is a finite boolean combination of pp-definable subgroups (or, in the case that we are allowing

parameters from M in our formulas, cosets of pp-definable subgroups).

(This replacement of general formulas by boolean combinations of pp formulas is essen-

tially uniform in M but to say that properly we would have to discuss the other part of the

pp-Elimination of Quantifiers Theorem, which involves sentences and which we don’t need

here.)

8A more careful terminology is a “subgroup of Mn pp-definable in M”; alternative terminologies are: “sub-

groups of finite definition”; “finitely matrizable subgroups”.
9Formally, this can be covered by expanding the basic language for R-modules with new constant symbols,

one for each element of a particular module that we might want to “name”
10The same is true if R is von Neumann regular and this is, in fact, a characterisation of such rings.
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This says that, to a large extent, the model theory of modules reduces to what we can

say with pp formulas. But there are equally important reasons for concentrating on pp

formulas. We have already seen in an exercise above that morphisms preserve solution sets

of pp formulas, hence pp formulas fit much better with the algebraic category of modules.

Normally in model theory one has to work in the category with morphisms the elementary

embeddings, so pp-Elimination of Quantifiers indicates that, for modules, the model theory

is closer to the usual algebraic category than usual. In fact, it suggests (correctly) that

the model-theoretic category can be replaced by that which has for morphisms the pure

morphisms. We define these now.

An embedding A → B of modules is said to be a pure embedding if it preserves and

reflects the solution sets of pp formulas, that is, for every pp formula φ(x1, . . . , xn) we have

φ(A) = An ∩ φ(B). More generally, an exact sequence 0→ A→ B → C → 0 is pure-exact

if A→ B is a pure embedding.

A key consequence of pp-Elimination of Quantifiers is that the type of an element (or

tuple) in a module is determined by the pp definable sets/pp formulas in it: if a ∈ M , set

ppM (a) = {φ pp : a ∈ φ(M)} to be the pp-type of a in M (and similarly for n-tuples).

Example 2.4. Suppose A is a finitely presented module and a ∈ A. Choose a finite generating

tuple c = (c1, . . . , ck) for A. Since A is finitely presented there are finitely many linear

equations
∑k

1 xirij = 0 (j = 1, . . . ,m) which are satisfied by c and generate all other linear

equations satisfied by c. Combine these into the single matrix equation cH = 0 where H

is the matrix with ij-entry rij . Since c generates A, the element a can be expressed as an

R-linear combination of the ci, say a =
∑
i cisi. So the following assertion is true in A: there

are elements x1, . . . , xk such that xH = 0 and a =
∑
i xisi. That assertion is expressible by

a pp formula, namely the formula ∃x1, . . . , xk (xH = 0 ∧ x =
∑
i xisi).

The pp formula φ(x) that we defined above, when evaluated on an arbitrary module M ,

picks out the trace of the pointed module (A, a) on M , that is, the set of images of a under

morphisms from A to M . In particular if b ∈ M then there is a morphism f : A→ M with

f(a) = b iff b ∈ φ(M).

Essentially what the above example says is that, if we consider the category of pointed

finitely presented modules and the obvious (pre-)ordering on the objects (given by one mor-

phism factoring through another), then this is naturally isomorphic to the lattice, pp1
R, of

pp formulas where, by that, we mean the set of pp formulas φ(x) (pre-)ordered by ψ ≤ φ

iff ψ(M) ⊆ φ(M) for every M . (And the lattice of n-pointed finitely presented modules is

naturally isomorphic to the lattice ppnR of pp formulas in free variables x1, . . . , xn.)

Another consequence of pp-Elimination is the following.

Proposition 2.5. There is a morphism from a finitely presented module A to an arbitrary

module M , taking the element a ∈ A to the element b ∈ M iff for every pp formula φ,

a ∈ φ(A) implies b ∈ φ(M).

There is an extension of this to arbitrary modules in place of A but then M has to be

constrained to be pure-injective, where we say that a module N is pure-injective if every
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filter of cosets of pp-definable subgroups of N has non-empty intersection11

Proposition 2.6. There is a morphism from a module M to a pure-injective module N ,

taking the element a ∈M to the element b ∈ N iff for every pp formula φ, a ∈ φ(M) implies

b ∈ φ(N), that is if ppM (a) ⊆ ppN (b).

2.1 Duality

If φ(x1, . . . , xn) is a pp formula, say it is ∃y1, . . . , ym (x, y)

(
A

B

)
= 0 where A, B are

matrices (matching x, resp. y) with entries in R, then the elementary dual of φ is the pp

formula for left modules which is ∃z

(
In A

0 B

)(
x

z

)
= 0 where In is the n× n identity

matrix and 0 denotes a zero matrix of the correct size (and where x and z now are column

vectors).

Theorem 2.7. Elementary duality of pp formulas induces an anti-isomorphism of lattices

of pp formulas ppnR '
(
ppnRop

)op
. In particular D2φ(M) = φ(M) for every M , and ψ ≤ φ

iff Dφ ≤ Dψ.

Exercise 2.8. Compute a few examples of duals of pp formulas.

Given a right R-module M let S → End(MR) be any ring morphism to its endomorphism

ring, for instance the canonical morphism from Z to End(MR) or the embedding of k into

End(MR) if R is a k-algebra. Regard M as a left S-module via this map. Let SE be an

injective cogenerator for S-modules and set M∗ = HomS(SM, SE) to be the dual/character

module of M with respect to E. This has a natural left R-module structure given by

rf.m = f(mr) for f ∈M∗, r ∈ R, m ∈M (so (sr)f.m = f(msr) = rf.ms = s.rf.m).

Proposition 2.9. For any module M , its dual M∗ is pure-injective. An exact sequence

0 → A → B → C → 0 is pure-exact iff the dual sequence 0 → C∗ → B∗ → A∗ → 0 is

split-exact.

Proposition 2.10. Let φ(x) be a pp formula. Then the annihilator in M∗ of φ(M) is

precisely Dφ(M∗).

Corollary 2.11. We have ψ(M) ≤ φ(M) iff Dφ(M∗) ≤ Dψ(M∗). Hence φ(M) = ψ(M)

iff Dψ(M∗) = Dφ(M∗).

There is also the following more general result.

Theorem 2.12. (Herzog’s Criterion [3]) Let a ∈ MR and b ∈ RN . Then a ⊗ b = 0 in

M ⊗RN iff there is a pp formula φ (for right modules) such that a ∈ φ(M) and b ∈ Dφ(N).

11Actually that is the definition of algebraically compact but this is equivalent to pure-injective. And, yes,

pure-injective can alternatively be defined as being injective over pure embeddings.
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3 Ziegler Spectra and Definable Categories

The definable subcategory of the category, Mod-R, of right R-modules generated by

MR consists of all those modules A such that whenever ψ(M) = φ(M) then ψ(A) = φ(A).

We denote this category by 〈M〉. In checking the condition A ∈ 〈M〉 it is enough to consider

pp-pairs ψ ≤ φ and we phrase this condition by saying that, if φ/ψ is closed on M then it

is closed on A.

Theorem 3.1. The definable subcategory generated by M is closed under direct products,

pure submodules and direct limits and is minimal such containing M .

We say that a full subcategory of Mod-R is definable if it is closed under direct products,

pure submodules and direct limits. Every definable subcategory has the form 〈M〉 for some

module M . In fact, one can say more.

The pure-injective hull12 of a module M is a pure-injective module, H(M), which

contains M as a pure submodule and is minimal such. Every module has a pure-injective

hull which is unique up to isomorphism over M .

Theorem 3.2. (Sabbagh) For any module M , 〈M〉 = 〈H(M)〉.

So every definable subcategory is closed under taking pure-injective hulls and is the

definable subcategory generated by some pure-injective module.

Theorem 3.3. (Ziegler [12]) For any module M , there is a set, {Nλ}λ, of indecomposable

pure-injective modules such that 〈M〉 = 〈
⊕

λNλ〉.

So every definable subcategory is generated by a set of indecomposable pure-injective

modules.

With this in mind, we define Ziegler’s topology on the set, pinjR, of isomorphism classes

of indecomposable pure-injective modules by declaring the closed sets to be those of the form

pinjR ∩ D, where D is a definable subcategory of Mod-R. This does indeed give a topology.

The resulting topological space, denoted ZgR and termed the (right) Ziegler spectrum

of R, is compact (though usually far from Hausdorff) and has, for its compact open sets,

those of the form (φ/ψ) = {N ∈ pinjR : ψ(N) < φ(N)} - the sets of points on which a

specified pp-pair is open - as ψ ≤ φ ranges over pp-pairs. The next result says that the

definable subcategories are actually in bijection with the Ziegler-closed sets (that is, it is the

statement that we do get a topology).

Theorem 3.4. Every definable category is determined by the indecomposable pure-injectives

it contains.

By a definable category we mean one which is equivalent to a definable subcategory

of a module category13 It is the case that the pure-exact sequences can be recovered14 just

from the structure of this category (that is, without reference to any containing module

12or pure-injective envelope
13Actually we mean modules over a “ring with many objects”, that is functors from a skeletally small preadditive

category to the category, Ab, of abelian groups.
14as those some ultraproduct of which splits
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category) and then, from that pure-exact structure, essentially everything else - the model

theory, hence pp formulas and the Ziegler spectrum - can be recovered. Furthermore, the

natural functors between definable categories are those which commute with direct limits

and direct products (for example they preserve purity and induce topological maps between

Ziegler spectra).

4 Pp formulas, Types and Functors

4.1 Pp-pairs=finitely presented functors

Every pp formula, φ, defines a functor from Mod-R to Ab, taking M to the solution set

φ(M) and taking f : M → N to the restriction/corestriction map φ(M)→ φ(N). It is easily

checked that pp formulas commute with direct limits, in the sense that, if {Mλ}λ is a directed

system of modules with direct limit M , then the φ(Mλ) form a directed system of abelian

groups with direct limit φ(M). Also, every module is a direct limit of finitely presented

modules (the category Mod-R is finitely accessible, even locally finitely presentable), so the

functor defined by φ is determined by its restriction to finitely presented modules. We will

denote this restricted functor by Fφ ∈ (mod-R,Ab) but also use this notation for its unique

lim−→-commuting extension to a functor on all of Mod-R.15

Note that if ψ ≤ φ then Fψ is a subfunctor of Fφ, so we have the quotient functor

Fφ/Fψ corresponding to the pp-pair φ/ψ. In fact, all these belong to (mod-R,Ab)fp - the

subcategory of finitely presented functors.16 The finitely presented functors can be obtained

from morphisms between finitely presented modules as follows.

Let f : A→ B be a morphism in mod-R. Then, via the Yoneda embedding of
(
mod-R

)op
into (mod-R,Ab), this gives rise to an exact sequence (B,−)

(f,−)−−−→ (A,−) → Ff → 0, and

it follows that the functor we have denoted Ff is finitely presented. In fact it is a typical

finitely presented functor on finitely presented modules.

Lemma 4.1. Let F ∈ (mod-R,Ab) be finitely presented. Then there is a morphism f : A→
B in mod-R such that F ' Ff = coker

(
(f,−) : (B,−) → (A,−)

)
. Conversely, any functor

of this form, coker(f,−) for some f ∈ mod-R, is finitely presented.

There is another description of these finitely presented functors.

Proposition 4.2. Every finitely presented functor in (mod-R,Ab) is isomorphic to one of

the form Fφ/ψ = Fφ/Fψ for some pp-pair φ/ψ, and every functor of this form is finitely

presented.

In fact(Burke [1]), the full result is that there is an equivalence of categories between

(mod-R,Ab)fp and the category of pp-pairs (with the maps in the latter category being the

pp-definable ones).

15Here, if C and D are preadditive categories, then we use the notation (C,D) for the category of additive

functors from C to D (those are the objects; the morphisms are the natural transformations).
16It is the case that (mod-R,Ab) also is a locally finitely presented category.
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4.2 Duality

Let F ∈ (mod-R,Ab)fp. Define the functor dF ∈ (R-mod,Ab) by dF · L = (F,−⊗R L) for

L ∈ R-mod (it is the case that, since L is a finitely presented module, − ⊗ L is a finitely

presented functor). The action of d on morphisms is the natural one and we obtain a functor

dF , the dual of F which is, in fact, a finitely presented functor.

Theorem 4.3. d is a contravariant exact functor from (mod-R,Ab)fp to (R-mod,Ab)fp.

Indeed d : ((mod-R,Ab)fp)op −→ (R-mod,Ab)fp is an equivalence of categories.

Therefore functors behave better than modules (recall that over no ring are the categories

of right and left modules dual and, for general rings, even the categories of finitely presented

right and left modules need not be dual). The connection with duality of pp formulas is as

follows.

Proposition 4.4. If φ(x1, . . . , xn) is a pp formula then, noting that Fφ is a subfunctor of the

nth power (RnR,−) of the forgetful functor17, we have an exact sequence in the dual functor

category: 0→ FDφ → (RR
n,−)→ dFφ → 0.

4.3 Definable subcategories and localisation

If D is a definable subcategory of Mod-R then there is a category of finitely presented functors

that exactly correspond to the pp-pairs open on D and this category plays the same “functor

category” role for D that (mod-R,Ab)fp does for Mod-R. Namely, we let SD = {F ∈
(mod-R,Ab)fp : FD = 0 ∀D ∈ D} be the collection of all finitely presented functors which

are 0 when evaluated on D. These form a Serre subcategory of (mod-R,Ab)fp so we may form

the quotient category fun(D) = (mod-R,Ab)fp/SD. This, like (mod-R,Ab)fp, is abelian

and it consists of the finitely presented objects of the Grothendieck abelian category that we

obtain by localising the big functor category (mod-R,Ab) at the torsion class generated by

SD. Thus “restricting to a definable subcategory/closed subset of the Ziegler spectrum =

localisation of the associated functor categories”.

4.4 Pp-types as functors

How can we interpret pp-types, other than as filters of finitely generated subfunctors of

powers of the forgetful functor? Let p be a pp-type, say in n free variables. We apply the

categorical duality d to each of those subfunctors of (RnR,−) to obtained an ideal (= dual

filter) in the lattice of finitely generated subfunctors of (RR
n,−). Set FDp =

∑
φ∈p FDφ

to be the (not necessarily finitely generated) sum of those subfunctors. Then we have the

following.

17Since the functor category (mod-R,Ab) is locally coherent, so finitely generated subfunctors of any finitely

presented functor are finitely presented, it follows that the lattice, ppn
R of pp formulas in n free variables is

naturally isomorphic to the lattice of finitely generated subfunctors of the nth power of the forgetful functor

(R,−).
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Theorem 4.5. Suppose that p ∈ ppnR is a pp-type and let a ∈ Mn. Let a : Rn → M also

denote the morphism which takes some chosen free basis n-tuple of Rn to a and consider the

induced morphism of functors (a ⊗ −) : (Rn ⊗R −) → (M ⊗R −) in (R-mod,Ab). Then

ker(a⊗−) = FDp iff ppM (a) = p.

Thus pp-types correspond to the arbitrary subfunctors of the dual forgetful functor (and

note that every subfunctor of (RR
n,−) does arise as FDp for some pp-type p).

4.5 The big picture

Finally, we mention that if C andD are definable categories then the product- and direct limit-

preserving functors between them correspond precisely to the exact functors between their

associated abelian “finitely presented functor” categories, but contravariantly: fun(D) →
fun(C). We refer the reader to [9] for the details and completion of this picture, as well as

how the various dualities that we have seen fit with it.

The references below are some starting points for details and further reading.
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