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We present the results of an experimental investigation into the stability of steep

interfacial waves in two immiscible liquid layers subject to horizontal oscillations.

Two-dimensional waves, which arise beyond a critical forcing speed Vc (product of

forcing frequency and amplitude), can in turn lose stability to oscillatory transverse

amplitude modulations with a near sub-harmonic response at a critical value of the

forcing speed, Vcs > Vc. We characterize the resulting transverse waves and study the

effect of viscosity on the onset of this secondary instability. Our experiments show

that Vcs increases with the ratio of the viscosities of the two liquids, N ≥ 1, which is

in contrast to the decreasing trend of Vc. The thresholds converge with decreasing N

but appear to remain distinct even as N → 1. However, our results suggest a change

of behavior for N ≤ 39, which also coincides with the first observations of interface

breakup.
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I. INTRODUCTION

Many fluid flows undergo successive instabilities on the route to spatio-temporal disor-

der. In Taylor-Couette flow, for example, where viscous fluid confined between concentric

cylinders is driven by the rotation of the inner cylinder, the increase of the rotation rate

leads to the formation of steady vortex rolls, followed by a supercritical Hopf bifurcation to

mono-periodic oscillations, and at least one further bifurcation to quasi-periodic oscillations

of incommensurate frequencies, before chaotic motion sets in1,2. This scenario provided the

first experimental demonstration that a finite number of successive bifurcations could yield

disordered motion. The onset of primary instability can generally be predicted from first

principles, but secondary instabilities offer considerable theoretical challenges. Quantita-

tive predictions have been achieved in several spatially-extended, pattern forming systems

with numerical stability analyses of weakly nonlinear flows, starting with the work of Busse

and Clever 3 on buoyancy-driven convection. Models based on weakly nonlinear amplitude

equations have also enabled extensive qualitative understanding of the flow patterns and

transitions in a wide variety of systems from fluids flows to chemical reactions4,5. However,

if the primary flow has developed nonlinearly, the quantitative characterization of secondary

instabilities may rely principally on experiments.

In this paper, we investigate experimentally the loss of stability of steep interfacial

capillary-gravity waves excited by oscillatory forcing, which is applied parallel to the in-

terface. These two-dimensional waves, first observed by Wolf 6 , arise through a Kelvin-

Helmholtz instability7. Their growth has been studied by Jalikop and Juel 8 , who showed

that the primary wave is the result of a supercritical symmetry-breaking of the flat interface,

and that it undergoes a transition from weakly to strongly nonlinear wave, when interfacial

tension and gravity forces approximately balance. This type of shear flow is found in indus-

trial multi-phase devices, where the flow state significantly influences interfacial heat and

mass transfer9,10.

Our geometry consists of two deep layers of immiscible liquids, with a stable density

stratification, contained in a rectangular vessel, which is oscillated sinusoidally in the hori-

zontal direction, with displacement a and frequency f = ω/(2π) (see Figure 1). The main

parameter governing interfacial instabilities is the vibrational speed, V = aω = 2πaf , which

we vary experimentally. Although measurements of the primary onset of waves in early
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experiments11,12 were favorably compared with two-inviscid-layer analytical predictions13,

the numerical linear stability calculations of Talib, Jalikop, and Juel 7 showed that a two-

viscous-layer model was required to achieve quantitative agreement for critical vibrational

velocities at onset, Vc, and critical wavenumbers, kc. They uncovered a non-monotonic

variation of Vc with the viscosity ratio, N = ν2/ν1 ≥ 1 (where νi (i = 1, 2) are the kine-

matic viscosities of the lower and upper liquids, respectively), which is associated with

complex perturbation flows near the interface. Raising the viscosity ratio within the range

3 × 101 < N ≤ 8 × 103, destabilizes the interface, so that Vc decreases with N . However,

maximum variations of the critical velocities and wavenumbers are only by factors of 2 and

1.5, respectively, for a variation of the viscosity ratio within 1 ≤ N ≤ 6×104. Similar results

have recently been obtained analytically in the limit of small amplitudes of forcing14.

We study relatively large viscosity ratios of 45 ≤ N ≤ 187, and find that the primary

wave loses stability, at a critical value Vcs, to a secondary oscillatory transverse amplitude

modulation, which is approximately sub-harmonic to the forcing frequency. Transverse

amplitude modulations have previously been reported in the more widely studied Faraday

system, where sinusoidal forcing is imposed orthogonally to the interface in the direction

parallel to gravity. Daudet et al. 15 observed oscillatory modulations of the primary stripe

pattern at the free surface of a viscous layer of propylene glycol with kinematic viscosity

coefficients ν > 9×10−5 m2s−1, with a frequency close to ω/5 albeit incommensurate with the

forcing frequency. For viscosities ν < 5×10−5 m2s−1, a primary square pattern was followed

by a small amplitude stationary transverse modulation. A crossover region with mixed

stripe and square states was observed for intermediate viscosities. Secondary transverse

amplitude modulations have also been predicted by amplitude equation models for standing

waves in low viscosity fluids16. Moreover, computations have revealed that three-dimensional

instabilities of inviscid water waves become dominant when the wave steepness is sufficiently

large17.

We investigate the dependence of the onset of secondary instability on viscosity ratio

and find that the critical value of the vibrational speed, Vcs, increases monotonically with

N , which is in contrast to the monotonically decreasing primary threshold. This trend

results in the primary and secondary thresholds converging for decreasing values of N ,

although our data indicate that they remain distinct even as N → 1. We extrapolate a

value Nt = 39 below which the transverse oscillatory modulation may not exist, which
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FIG. 1. Schematic diagram of the experimental setup; (a) Front view showing the vessel on the

forcing rig. Reprinted with permission from Ref. 7 c© 2007 Cambridge University Press. (b) End

view showing the lighting and camera arrangement.

coincides both with a qualitative change in the primary Kelvin-Helmholtz instability, and

the appearance of interface breakup. Finally, we observe spatial dynamics of the oscillatory

transverse modulation, which are reminiscent of the instability of straight convection rolls

in a rectangular geometry reported by Croquette and Williams 18 , which they characterized

with amplitude equations. Specifically, we report a tertiary symmetry-breaking bifurcation

of the right and left-waves emanating from the side walls for a larger value of V .

II. EXPERIMENTAL SETUP

A schematic of the experimental apparatus is shown in Figure 1(a). It is described in

detail in Talib, Jalikop, and Juel 7 and thus, we will only give a brief description of the points

pertinent to the present study.

The working part of the experiment consisted of an air-tight rectangular Perspex box of

inner dimensions 170mm × 75mm × 40mm with 4 mm thick walls, which contained equal

volumes of two immiscible liquids. The box was mounted rigidly on a linear, horizontal air-
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Lower layer ν1 (m2 s−1) ρ1 (kg m−3)

Galden HT135 1.12 × 10−6 1752

Upper layer ν2 (m2 s−1) ρ2 (kg m−3)

Silicone oil (50 cS) 5.0× 10−5 961

Silicone oil (100 cS) 1.14 × 10−4 961

Silicone oil (200 cS) 2.10 × 10−4 962

TABLE I. Physical properties of the liquids used in the experiments, where νi denotes the kinematic

viscosity and ρi the density, in the lower (i = 1) and the upper (i = 2) layers, respectively. The

surface tension coefficients between HT135 and the silicone oils were measured using a Du Nouy

ring, and found to be equal to γ = 6.8 × 10−3 N m−1.

bearing slide (Nelson Air), which was driven by a permanent-magnet shaker (LDS, V450).

The external forcing was varied via two control parameters: the frequency (f) and the

amplitude of oscillation (a). The harmonic content of the motion of the slide was less than

0.1% over the range of forcing frequencies used in our investigation, 10Hz ≤ f ≤ 40Hz.

The signal provided by the waveform generator (Agilent, 33440A) had a maximum error of

±0.05 Hz. Using feedback from a linearly variable differential transducer (LVDT, Solatron,

Mach 1), we maintained the forcing amplitudes to within 0.1% of the set value.

We used GaldenTMHT135 (a perfluoropolyether from Solvay Solexis) in the lower layer,

and silicone oil (polydimethylsiloxanes from Basildon Chemicals Ltd.) in the upper layer.

We used three different silicone oils with respective kinematic viscosities of approximately

50 cS, 100 cS and 200 cS as quoted by the manufacturer at 25◦C. The physical properties

of the liquids, measured at the laboratory temperature of 21◦C±1◦C, are listed in Table I.

A digital CCD camera (Pulnix TM-6740) was positioned directly above the vessel, and

stroboscopic light sources were placed on either side of it, as shown schematically in Figure

1(b). Vertical light rays are refracted most significantly when passing through the steep

regions of the 2-D interfacial waves between crests and troughs, and they deviate least

through the actual crests (or troughs) of the wave because of widely different angles of

incidence. This results in periodically light and dark regions, thus enabling the visualization

5



Oscillatory transverse instability

D
ir
ec
ti
on

of
ex
te
rn
al

fo
rc
in
g

Region of
focus

Vessel
outlineTransverse waves over the

sides of the steep 2-D wave

Crest of the steep 2-D wave

FIG. 2. A snap-shot of the oscillatory 3-D waves on the interface between the two liquids, viewed

from above the vessel in the region indicated by the dashed rectangle. The darker lines show the

oscillations of one side of the 2-D interfacial wave. The lighter lines show the other side, whose

amplitude of oscillation is smaller because the pictures were taken at a phase within the imposed

oscillation cycle for which the 2-D wave was asymmetric.

of interfacial undulations in the transverse direction (Figure 2). All the measurements were

made at the same value of the phase within the oscillation cycle, chosen empirically to

maximize contrast.

The onset of the secondary instability for a given forcing frequency was measured by

incrementing the amplitude in steps of 0.01 mm until oscillations on the interface in the

transverse direction were detected by the camera. Between increments, the flow was allowed

to settle for approximately 90 seconds (i.e. 900 to 3600 oscillation cycles).

We tracked a point on the three-dimensional wave once a period over 500 consecutive

cycles of external forcing and computed the Fast Fourier Transform (FFT) of the time series

in MATLAB. The amplitude of the three-dimensional wave, ξs, at any location across the

width of the vessel is given by the height of the peak in the amplitude spectrum obtained by

FFT at that location. This method had the advantage of enabling the efficient processing

of large number of cycles, so that fluctuations in wave height were averaged and errors were

minimized.

Because the sampling rate used to track the three-dimensional wave was the same as the

forcing frequency, the measurement method was limited by ‘aliasing’, which restricted the

maximum value of the wave frequency that could be measured to half the forcing frequency19.

6



Oscillatory transverse instability

However, we ascertained that this limitation did not induce any spurious effects by verifying

that the wave frequency value for f = 20 Hz coincided with the value measured at a sampling

rate of 200 frames per second using the high speed capability of the Pulnix camera. The

aliasing associated with higher harmonic content of the three-dimensional wave frequency is

further addressed in §III B.

III. RESULTS

A. Secondary instability and the appearance of transverse waves

Secondary instability in our system is characterized by the appearance of three-dimensional

(3-D) waves as shown in Figure 2. Beyond a critical forcing, Vcs, the large amplitude two-

dimensional (2-D) waves become unstable to 3-D perturbations that propagate in the

transverse direction. The critical speed of forcing, Vcs = 2πfacs, increases linearly with

forcing frequency in the range of frequencies investigated, as shown in Figure 3(a). A sim-

ilar behavior was observed by Daudet et al. 15 for viscous Faraday waves. By contrast the

primary Kelvin–Helmholtz instability is characterized by an approximately constant value

of Vc, so that the instability arises for vanishing amplitudes when the frequency becomes

large, consistently with linear stability in two inviscid fluid layers13. Hence, the normalized

secondary instability threshold, Γcs = Vcs/Vc, which is shown in Figure 3(b), also varies

linearly with frequency, so that Γcs = āf + C. It suggests that the secondary instability

would occur at a finite amplitude as the frequency becomes large, as shown by the following

relationship,
Γcs

f
=

2πacs
Vc

= ā +
C

f
, (1)

where acs → āVc/(2π) as f → ∞.

The data in Figure 3(b) indicate that both the slope, ā, and the intercept, C, decrease

as N is reduced by reducing the viscosity of the upper layer, implying that the secondary

instability threshold approaches that of the primary instability for decreasing values of N .

However, the interface also becomes increasingly susceptible to forcing-induced emulsifica-

tion, and hence we could not explore the onset of either primary and secondary instabilities

for N < 45. The linear extrapolation of ā in Figure 4(a) yields ā = 0 for Nt = 39. For

Nt ≤ 39, Vcs becomes independent of frequency, suggesting a qualitative change in the na-
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FIG. 3. (a) Critical forcing speed as a function of forcing frequency: empty symbols denote

the primary instability threshold Vc, filled symbols denote the secondary instability threshold Vcs.

Circles, diamonds and squares are for N = 187, N = 102 and N = 45, respectively. (b) Normalized

secondary instability threshold Γcs(= Vcs/Vc) as a function of forcing frequency. Linear least-

squares fits of the form Γcs = āf+C are shown with solid lines, giving intercepts of C = 1.52±0.021,

C = 1.28 ± 0.0027, C = 1.18 ± 0.0065, for N = 187, N = 102 and N = 45, respectively.

ture of the secondary instability. The limited data, however, does not preclude a polynomial

dependence of ā and C on N , which would result in ā vanishing for a smaller value of N ,

possibly down to N = 1. The extrapolation of C in Figure 4(a) indicates that C > 1 for all

N , so that the primary and secondary thresholds remain distinct even for small values of

N . In Figure 4(b), where the instability thresholds are shown as a function of N , the linear

stability calculations7 for the primary Kelvin–Helmholtz instability indicate a qualitative

change in the dependence of Vc on N at value of N ≃ Nt.
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FIG. 4. (a) Least-square linear fits of the variation of ā and C as a function of N . The value of ā

vanishes for Nt = 39. Note that the error bars are smaller than the symbols for most points. (b)

Primary (Vc, ∗) and secondary (Vcs, • 20 Hz, � 25 Hz, � 30 Hz) instability thresholds as a function

of the viscosity ratio N . The values of Vc are taken from Figure 11 of Talib, Jalikop, and Juel 7 ,

and are plotted alongside an exponential fit (· · · ) to the data using a least squares method, with

a deviation of ∆N = ±2.3. The value Nt = 39, highlighted with a dashed line, is the largest value

of viscosity ratio for which ā may vanish. Linear extrapolation of the intercept C for N = 39 gives

a threshold Γcst = 1.15 and Vcst = 0.446, for the onset of secondary instability.
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FIG. 5. Bifurcation diagram describing the onset of secondary instability. The wave amplitude,

ξs, at a fixed phase of the vessel oscillation, is plotted as a functions of the normalized forcing

velocity, Γ. The 3-D waves appear at Γcs = 2.1753 as the forcing is increased (circle symbols),

and disappear reproducibly at a lower value, Γcs2 = 2.1703, as the forcing is decreased back (star

symbols). The measurements were made for f = 30 Hz and N = 187.
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FIG. 6. Successive steps (indicated by dotted arrows) are observed in the wavelength values of 2-D

waves for increasing forcing velocities (◦) near the onset of secondary instability. The region of

saturation of the wavelength curve between successive steps is framed with a dotted box. When the

forcing is decreased from the highest value of V (•), the wavelength curve is smooth but slightly

shifted upwards from the other curve. The measurements were made for f = 25 Hz and N = 187.

A typical bifurcation diagram of transverse wave amplitude (ξs) versus external forcing

Γ is shown in Figure 5. The onset of secondary instability occurs at Γcs = 2.1753, and

in a narrow range of Γ hysteresis is observed. In Figure 5, the hysteresis occurs within

approximately 0.3% of Γcs, which is of the same order as the error involved in measuring the

onset value itself. However, it is consistently observed in all the trials, and is due to slip-stick

motion of the contact line between the interface and the side walls. The slip-stick motion is

observed even prior to the onset of secondary instability when the amplitude of the 2-D wave

becomes large, and is reflected in our finely resolved measurements of the 2-D wavelength (λ)

as a function of forcing (see Figure 6). The wavelength exhibits discontinuous jumps as the

forcing is increased, which correlate with the slip-stick behavior of the contact line. When

the forcing is decreased, the contact line is not subject to slip-stick because the boundary is

already wet by the lower liquid, and hence the discontinuous jumps in wavelength are not

observed.

The spatial and temporal evolution of a transverse wave at onset is shown in Figure 7.

The wave is the superposition of two travelling waves, (λs (wavelength),fs (frequency)) and

(−λs, fs), of decaying amplitude that propagate from the two side walls towards the center

of the vessel, where they form a standing wave pattern. The amplitude of the travelling

waves is modulated by the reflection of the waves on the side boundaries20. In the absence
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FIG. 7. Space-time diagram of the 3-D wave constructed from successive snapshots at constant

time intervals over one period 1/fs. The value of the forcing parameter is 0.4% above the onset

value of Γcs = 1.9254, measured for f = 20 Hz and N = 187.

of absorption or amplification, the resulting wave would be an ordinary standing wave of

constant amplitude across the vessel. At Γcs (see Figure 5), the oscillations of the transverse

wave is mono-periodic as indicated by the typical amplitude spectrum in Figure 8(a). The

frequency of the transverse modulation (fs) and its wavelength (λs) remain constant across

the width of the vessel to within experimental precision.

The response frequency, fs, is incommensurate with the forcing frequency and is locked

to it so that the ratio fs/f remains approximately constant over our experimental frequency

range. The slopes of the fs versus f curve obtained in Figure 9 for N = 102 and N =

187 both take values slightly below 1/2. At low frequencies and large viscosities, shear

generated at the walls of a finite-sized container has been shown to lead to the detuning of a

resonant sub-harmonic mode21 away from f/2. This is likely the cause of near-subharmonic

response observed in our experiments, and thus, our results suggest that the nature of the

instability is parametric with a subharmonic resonance. Moreover, span-wise flow could

not be detected in top-view streak visualizations of the flow, implying that the secondary

instability is not shear-driven. Daudet et al. 15 also measured incommensurate secondary

frequencies for viscous Faraday waves, but with fs/f ≃ 1/5. Finally, the increase of the

instability threshold when raising N by increasing the upper layer viscosity is consistent

with the findings of Kumar and Tuckerman 22 on viscous Faraday instability. We could not

measure the frequency response and wavelength for N = 45 with sufficient accuracy because
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FIG. 8. (a) Amplitude spectrum of the oscillations of the transverse wave at onset for f = 30 Hz

and N = 187, with a dominant fundamental response frequency of fs = 11.6 Hz (b) Amplitude

spectrum at Γ = 2.1887, with significant harmonic components of the oscillation of the 3-D wave

for f = 30 Hz and N = 187. Note that fs1 = f − 2fs and fs2 = 3fs− f due to aliasing (see §IIIB.)

the 3-D wave becomes highly distorted just above the threshold.

B. Beyond onset

Beyond onset the response frequency ceases to be mono-periodic and harmonics appear

gradually with increasing forcing, as indicated in the amplitude spectrum shown in Figure

8(b). It contains two new frequency components, fs1 and fs2, where fs1 ≃ f − 2fs. This

implies that fs1 is the first higher harmonic of the fundamental component, fs. Since, the

maximum value of the frequency that can be measured (Nyquist frequency, fN) is less than

2fs, the first higher harmonic appears as a smaller frequency due to aliasing. Similarly, the
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FIG. 9. Variation of fs with f for N = 102 (�) and N = 187 (•). The straight lines are linear

least squares fits to the datasets.

third frequency component (fs2) satisfies the relation

fs2 = fs − fs1

= fs − (f − 2fs)

= 3fs − f

Hence, fs2 is the alias of the second harmonic of the fundamental component.

When increasing Γ beyond Γcs, the 3-D wave loses its symmetry about the centerline of the

vessel, so that one wave dominates over the other. As a result, the location of the standing

wave shifts from the center of the vessel towards one of the sides of the vessel depending

on whether the left or the right wave dominates. This is illustrated in Figure 10 where the

spatio-temporal variation of the wave is shown for two different levels of asymmetry. The

position of the standing wave across the width of the vessel is tracked by locating the crests

on the space-time evolution diagram manually. The asymmetry ratio, S, defined as the

ratio of the distance of the standing wave away from the center of the vessel to the total

width of the vessel (−0.5 < S < 0.5), is plotted against Γ in Figure 11. The transition

to the asymmetric state occurs through a supercritical symmetry-breaking bifurcation at a

critical value of Γ = 1.934Γcs. The exchange of stability was always to the same asymmetric

state due to unavoidable imperfections, but the other asymmetric state was also observed

during transients after a change in external forcing parameters. Similar symmetry-breaking

of travelling waves in finite containers have been observed in oscillatory convection rolls at

low Prandtl numbers18 (ratio of thermal to viscous diffusivities). When the external forcing
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(a)

(b)

FIG. 10. Space-time evolution of the transverse wave showing both the asymmetry in the wave

shape about the center line (vertical mid-plane parallel to the direction of vessel oscillations) and

the domination of the left hand-side wave over the right hand-side wave. The position of the

standing wave in (a) has shifted to the right, whereas in (b) the amplitude of the wave on the right

hand-side of the container is too small to locate the position of the standing wave. These pictures

were taken for f = 20 Hz, N = 187 and for (a) Γ = 1.9422 and (b) Γ = 1.9632.

was increased further, the interface started to emulsify resulting in a discontinuous interface

that hampered measurements of the wave characteristics.

IV. CONCLUSION

We have shown that the steep gravity-capillary waves in a horizontally oscillating two-

layer system, which are often referred to as “frozen waves”, lose stability to an oscillatory

transverse amplitude modulation. The resulting 3-D wave breaks the symmetry of the flow
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FIG. 11. Bifurcation diagram showing the asymmetry in the shape of the transverse wave about

the vertical mid-plane of the vessel in terms of the asymmetry ratio, S, as Γ is increased beyond

Γcs = 1.9254. The solid line is a least-squares linear fit on the last five points. The parameters

were f = 20 Hz and N = 187.

in the direction perpendicular to the forcing, and exhibits a frequency response that is close

to sub-harmonic. The experimental evidence strongly points to onset through a supercritical

secondary Hopf bifurcation.

Whilst the onset of primary instability is shear induced, we do not find any evidence

of shear in the transverse direction, and both the near-subharmonic frequency response

and the stabilizing effect of viscosity suggest that the secondary instability is parametric in

nature. Our measurements suggest that the observed secondary instability does not occur for

N < Nt = 39, but direct measurements for these viscosity ratios are hampered by interface

breakup. We also report a tertiary bifurcation in which the transverse waves lose symmetry

about the centerline of the vessel to form asymmetric wave states where either the left or

the right traveling wave reflected from each side-wall dominates over the other.
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